Abstract. In this paper we study the lattice point covering property of some regular polygons in dimension 2.
Introduction
Let K n be the set of all convex bodies, i.e., compact convex sets, in the n-dimensional Euclidean space R n with non-empty interior. We denote by K n (o) ⊂ K n the set of all convex bodies, having the origin as an interior point, i.e., 0 ∈ int (K), and by K n (s) ⊂ K n (o) those bodies which are symmetric with respect to 0, i.e., K = −K.
We say that a convex body K ∈ K n has the lattice point covering property, i.e., contains a lattice point of Z n in any position, if each translation and rotation of K contains at least a lattice point of Z n .
There are several beautiful results about the lattice point covering property. Theorem 1.1 (Henk&Tsintsifas, [10] ). Let E ⊂ R n be an ellipsoid with semiaxes α i , 1 ≤ i ≤ n. The following statements are equivalent:
(i) E contains a lattice point of Z n in any position,
(iii) E contains a cube of edge length 1. Let K ∈ K n . Denote by Z(K) the lattice point covering radius of K, i.e., the smallest positive number r, such that rK has the lattice point covering property.
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We here concern the lattice point covering properties of regular polygons. Denote by
the regular n-gon. Our main result is:
The following statements are equivalent:
.
(2) The following statements are equivalent for n = 1, 2: This paper is organized as follows: in the Section 2 we will introduce the covering radius and gauge function; then we will give a necessary and a sufficient condition of the lattice point covering property in the Section 3 and the Section 4; the content of the Section 5 will be the proof of the main theorem.
covering radius
The covering radius of K ∈ K n (o) with respect to Z n is denoted by Proof. If c(o(K)) > 1 for some rotation o(K), then there exists a point x ∈ R n , such that for every u ∈ Z 2 ,
If c(o(K)) ≤ 1 for any rotation o(K), then for any point x ∈ R n , since o(K) + Z n = R n , there exists a lattice point u ∈ Z 2 , such that
Therefore, the lattice point covering property of a convex body depends on the covering radius of all rotations of this convex body.
necessary condition
According to the knowledge of the lattice covering for a centrally symmetric convex body, we have: Since the lattice point covering property depends on the lattice covering of all rotations, we have:
any position, if and only if o(K) contains a spacefiller, i.e., parallelogram or a centrally symmetric hexagon, with respect to the lattice Z 2 for any rotation o(K).
Proof. Cf. Theorem 2.1 and 3.1.
We here call it a necessary condition of the lattice point covering property, because this condition has to hold, but is uneasy to check.
sufficient condition
For a planar convex body, it is possible to check some inscribed parallelograms, i.e., by checking the Steiner symmetrization of the convex body. We will give a sufficient condition of the lattice point covering property in this way.
The Steiner symmetrization of K ∈ K 2 with respect to {x ∈ R 2 : x 2 = 0}, denoted by St 1 (K), is a convex body symmetric with respect to {x ∈ R 2 : x 2 = 0}, such that for each line l vertical to {x ∈ R 2 : x 2 = 0},
For more information on the Steiner symmetrization, we refer to [7 
which is a spacefiller with respect to Z 2 . Therefore K has the lattice point covering property (cf. Theorem 2.1).
Somehow, we also have the following proposition of lattice covering.
∈ K, then since K is symmetric with respect to {x ∈ R 2 : x 1 = 0} and {x ∈ R 2 : x 2 = 0}, K does not contain any point of (
proof of the main theorem
In this section we discuss the lattice point covering property of some regular polygons. The proofs are based on Theorem 4.1 and have the following steps:
1. Prove that the Steiner symmetrizations of all rotations of the convex
2. Prove that a smaller copy of the convex body does not have the lattice point covering property.
We first look at the regular 4n-gon.
Theorem 5.1. Let t > 0. The following statements are equivalent:
is always a lattice covering, thus t · H 4n has the lattice point covering property (cf. Theorem 2.1).
If 
Proof. Denote by o(K, θ) the counterclockwise rotation of K by angle θ, i.e.,
For the symmetric reason, the case
is actually symmetric to the case 0 ≤ θ ≤ π 12 with respect to the line {x ∈ R 2 : x 2 = x 1 }. We are going to prove that St 1 (o(
By calculation,
which by the way is also symmetric with respect to {x ∈ R 2 : x 1 = 0}. In order to check whether St 1 (o( .
This function s(θ) is increasing in [0, arcsin
So St 1 (o( 
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In this case, the line {x ∈ R 2 :
with (t(θ), t(θ)), where 
This function t(θ) is decreasing in [arcsin
To see that
is the minimum number, we refer to Proposition 4.2.
Now we look at the regular 10-gon. Proof. Denote by o(K, θ) the counterclockwise rotation of K by angle θ, i.e.,
For the symmetric reason, the case is the minimum number, we refer to Proposition 4.2.
, has the vertices (cos θ, 0),
...
We can deal with all regular (4n + 2)-gons similarly (cf. Theorem 5.2 and 5.3).
Appendix A. Some inequalities Proposition A.1.
Proof. Notice that
is decreasing and thus s(θ) is increasing. Proposition A.3.
is increasing and thus t(θ) is decreasing. is decreasing and thus t(θ) is increasing.
Proposition A.5.
Since sin(2θ − Since sin( Since cos(2θ + 
